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At first a definition of “conductor” for abelian extensions K/k (K? kz Q) by 
“ray ideal classes” is given. Then we will show for cyclic extensions K/k, with Galois 
groups of degree 4, 
where f(K/k) is a conductor, d,, is a relative discriminant, and K, is a quadratic 
extension of k. Since by theorem (Kronecker-Weber) every absolutely abelian field 
is a subfield of some Q(exp 2Ki/m), where fi is the conductor of K/Q-in particular, 
for a real extension K/Q, K is a subfield of Q (cos 2njm) with conductor m-then 
d,, can be computed directly from the above equation. G 1989 Academx Press, Inc. 
1. TNTROD~JCTION 
Let p be a prime ideal in k; then p will be factored in extension K/k in 
the form 
p = p;’ . p;2 . p- I 
For ei > 1, p is called ramified over Pi, and for e, = 1 and [K; k] = t, p is 
called completely split over P,. A question pursued here is which p in k is 
ramified or completely split in K? By introducing “ray class fields” we can 
give the answer in the one-to-one correspondence between abelian exten- 
sions K/k and “ray ideal classes.” As a result of the conductor and the 
relation between conductor and relative discriminant our goal in this paper 
will be realized. 
Ray Module Semigroup 1.1. Let [k; Q] =n= r, + 2r,, so k”‘, k”‘, . . . . 
k(‘l) are real conjugates and kc” +j) is the complex conjugate of k(‘L+r2+j) 
for 1 <i < r2. Then each “infinite prime” factor cc i E k(‘) is associated with 
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coi = cci+ I for complex conjugate (r, < j < rl + r2). In particular, for k = Q, 
n = 1 only “00 ,” in Q is represented by “co.” So that for this k/Q, 
Suppose [K; k] = N; then [K, Q] =nN, then 
CO=li”i%m, 
where each c%,,, has factorization from k to K given by ai,, . . . . CO 1N, 
m n,, . . . . a,i, in,,, t ...> 3 nN, where each “b,j refers to K’“‘/k”’ for 
j= 1, . ..) N. Then we have a factorization “like finite primes” from k to K, 
co =n,!=, ab, [page 164, 11. 
Illustration 1.2. Let k = Q(s) and K= (,j?‘&, p), where (p # 1) is a 
cube root of unity. 
Q(&, p2); then 
Then k”‘=Q(&), k’2’=Q($&,p), kt3’= 
If we go from Q to k 
meanwhile, from kc’) to K 9 
Now with these “infinite primes” and ordinary “finite primes” ideals of k a 
semigroup (with unit 1) can be generated freely except for: 
coj = q? (K”’ c W), 
ali= 1 (K”’ c a=). 
Now any ray modulo m can be represented by 
where m is called the finite part and Cil, is called the infinite part; see 
[p. 165, 11. 
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2. RAY IDEAL GROUP AND CONDUCTOR 
Let J, be the group of all fractional ideals a/b in K* (i.e., K- (0)) and 
suppose the following are defined: 
J,={a/bja/b~J~,(m,ab)=l}, 
Jk = {a/b 1 a/b E J1, ( m,ab)=l,a/brlmod*m} 
A ray ideal group J is a subgroup of J, such that for fi divisible by m 
J is said to be modulo 51. 
Two ray ideal groups Jcl) mod fii, and Jczj mod #I* are called equivalent 
provided there exists a divisor m, such that 
J,=J(,,nJ,,=J,,,nJ,,. 
DEFINITION 2.1. The “conductor” 7 of a ray ideal group J (or its 
equivalence class) is the gcd of all 6 of groups in the equivalence class. 
Thus, if 7 is the gcd of all fi then the following statement is true: 
Jh G Jo for some J, equivalent to J [p. 102,2]. 
Note there is a one-to-one correspondence between abelian extensions 
K/k and maximal ray ideal groups J mod 7 defined by Kc) wT J: [p splits 
completely in K/k) o { p E J}. This is called Weber-Takagi Correspon- 
dence [p. 109,2]. We will compute the finite part f (K/k), where Gal K/k 
is an abelian group of order n, by defining a character group X consisting 
of mappings of G into roots of unity: 
Since G is an abelian group of order n, 
G = C(h,) . C(h,) . C(h,) for n=h,.h,.h,. 
Because of this, for each s in G, s = (a,, a*, . . . . a,), where ai mod hi and 
consequently x is a vector (b,, b,, . . . . b,) for bimod hi, x(s) =exp(2nic/n), 
where C = C a,b,/h,. For s fixed, x(s) = 1 determines an abelian subgroup 
G, of values C mod n with x0 as its identity and also a cyclic quotient G/G, 
is determined. Now K, t-r G,, where K, is the field in K fixed by G, and 
for x = x0, K,, = k. 
Since K,/k is an abelian extension, there exists a conductor JX = 
Tx(Kx/k), where only its finite part is considered. 
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THEOREM 2.2 (Hasse Conductor-Discriminant Theorem [3]). Let d,, 
be the relative discriminant of K/k. Then d,, = n, f, andf,,,, = led f,. 
COROLLARY. If K/k is a cyclic group with a relative different D,, and 
Gal K/k = C(P), where P is prime, then 
D K/k=dK,k= (f(K/k))P-'. 
Then for quadratic extensions, d,, = f (K/k). 
By theorem (Kronecker-Weber) [4] every absolutely abelian field K 
(over Q) is a subfield of some Q(exp 2rci/m), where fi is the conductor of 
Ko wT J. If K is real then it is a subfield of Q(Cos 2x/m), where m is the 
conductor. 
THEOREM 2.3. If K/k is a cyclic extension with Gal K/k = C(4) and K, is 
a quadratic extension of k, then 
f(Klk) = (‘&,k/&2,k)“2. 
Proof: We choose k = Q(i) and Kz = k(J&) and K = k( fi), where 
m# 12; 14, for an integer 1. 
Also we choose G= Gal K/k = (s1s4 = I } for s: fi- ifi. Since 
K,, = k, K,, K, K are respectively fixed by G,,,, G,,, G.X2, G,,, we have that 
G,,++k : f,,=fW)= 1, 
G,, c--t K,: fx, =f(&/k) = dK2,kv 
G,x, t--f K : fq = f (K/k), 
G,,++K : f,, =f(Wk). 
By Theorem 2.1 
and therefore 
dK,k=nfx= 1 ~&,cf(Klk)~f(Klk) 
f(Klk) = (dK,k/‘&~,d’f2~ 
Illustration 2.4. Let k = Q and K=Q(da). By cos2x= 
2 cos2 x - 1, for x = n/g, cos 2~116 = 4. da. Thus k = Q(cos 2x/16) 
= Q(Jc$) and by theorem (Kronecker-Weber), fcKlk) = m = 16. Also 
since Gal K/Q = C(4), by Theorem 2.3 dkle = f ‘(K/Q). dKZIQ = 162. (4.2) = 
2048. 
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